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Abstract
The present paper deals with the quantum coordinates of an event
in spacetime, individuated by a quantum object. It is known that
these observables cannot be described by selfadjoint operators. We de-
scribe them by means of a normalized positive operator valued (POV)
measure in the Minkowski spacetime, satisfying a suitable covariance
condition with respect to the Poincare´ group. This POV measure de-
termines the probability that a measurement of the coordinates of the
event gives results belonging to a given set in spacetime. A general
expression for these normalized covariant POV measures is given.
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1 Introduction.
A quantum frame [2, 31, 38, 46] is a material quantum object that indi-
viduates, within the accuracy permitted by the indeterminacy relations, a
frame of reference in the Minkowski space-time. The observables which de-
scribe the relations between two quantum frames are the quantum analogs of
the parameters which label an element of the Poincare´ group. The algebra
generated by them has been discussed in ref. [46]. In the present paper we
consider a limit case, namely the relations between a quantum frame and a
classical frame. Moreover, we limit our attention to the four coordinates Xα,
α = 0, 1, 2, 3, which determine the origin of the quantum frame with respect
to the classical frame. We may say that these four observables determine a
“quantum event”. It has been stressed in ref. [46] that a quantum system
must satisfy some conditions in order to define a quantum frame. In order
to define a quantum event, it has to satisfy a weaker condition that we shall
specify in the following.
It is natural to assume that in a suitable dense domain of the Hilbert
space H we have (h¯ = 1, g00 = 1)
[P α, Xβ] = igαβ, (1)
or, in the domain where the operators Xα are defined,
exp(−ixαP
α)Xβ exp(ixαP
α) = Xβ + xβ . (2)
If the operator pαX
α is self-adjoint, we have
exp(ipαX
α)P β exp(−ipαX
α) = P β + pβ (3)
and it follows that the joint spectrum of the four-momentum operators P α is
invariant under translations in the direction of the four-vector pα. Since this
joint spectrum is contained in the future cone, pαX
α cannot be self-adjoint.
It follows that the operators Xα cannot have a spectral representation and
the statistical interpretation of the corresponding observables requires some
particular attention.
The argument given above, discussed by Wightman [47], is an immediate
generalization of a well known argument due to Pauli [36] concerning the time
observable T , namely the quantity obtained by reading a quantum clock. It
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satisfies the commutation relation
dT
dt
= i[H, T ] = 1, (4)
where t is the usual time parameter, measured by a classical external clock.
If T is self-adjoint this equation contradicts the fact that the spectrum of the
Hamiltonian H is bounded from below.
Our coordinate X0 is strictly related to the reading of a clock, but it is
more similar to a time-of-arrival observable [3, 5, 18, 25], namely the time
registered by a classical clock when some event happens, for instance a quan-
tum particle reaches a given point, or two quantum particles collide. If we
consider a quantum clock, the time-independent observable
X0 = t− T (5)
is the time t measured by a classical clock when the quantum clock gives
T = 0, and it is a typical time-of-arrival observable. Its commutator with
the Hamiltonian H = P 0 is given by eq. (1). Here we deal with an “indirect”
measurement of a time-of-arrival, namely the measurement operation can
be performed at any time t and we use the equations of motion, which are
supposed to be known. A different and more difficult problem is the “direct”
measurement of a time-of-arrival, performed by means of operations lasting
a long time and detecting immediately the event at the time at which it
happens.
Several authors [1, 3, 4, 5, 12, 18, 22, 25, 35, 36, 37, 39, 41] have discussed
the quantum time problem. A satisfactory solution has been given [6, 16, 20]
by writing a generalized spectral representation
T =
∫
t dτ(t), (6)
where τ is a normalized positive operator valued (POV) measure on the real
line. Since T is not selfadjoint, τ cannot be a projection valued measure (for
a different point of view, see [18]). The POV measure τ is not uniquely de-
termined by the operator T , but it describes the time observable completely,
since the probability that the result of a time measurement is contained in
an interval I is given by
P(I) = (ψ, τ(I)ψ), (7)
3
τ(I) =
∫
I
dτ(t), (8)
where the normalized vector ψ describes the quantum state of the clock.
Observables of this kind have been considered for different purposes by
several authors (see [7, 9, 20, 29], where references to the original papers
can be found). The operator τ(I) represents a test [17, 28], namely a (pos-
sibly mixed) yes-no observable. If we decompose the real line into a set of
non-overlapping intervals I1, . . . , In, the operators τ(I1), . . . , τ(In) represent
a multi-bin test. One can show [26, 27] that for any multi-bin test one can
find a corresponding measuring instrument, if there are no limitations to
the choice of the interaction Hamiltonian. This result legitimates the use
of observables defined by POV measures within the standard formalism of
quantum theory.
The aim of the present paper is to use a POV measure in order to describe
all the space-time coordinates Xα of an event measured with respect to a
classical reference frame. The quantities X1, X2, X3 should not be confused
with the self-adjoint Newton-Wigner coordinates of a particle [34, 47], which
do not commute with the Hamiltonian P 0, since the position of the particle
changes with time. The coordinates of an event are clearly time-independent.
The final motivation of this research is to prepare a consistent formalism
for a discussion of the limitations due to quantum gravity to the measure-
ments of time and position [11, 13, 14, 32]. One would like to show that
the quantum coordinates of an event cannot be determined with a precision
better than the Planck length, but a clear treatment is not possible in the
absence of a clear definition of the quantum coordinates.
In Sections 2 and 3 we discuss the properties of the POV measures in
the Minkowski space-time which are normalized and covariant with respect
to the Poincare´ group. In Section 4 we give an explicit general formula for
these POV measures. It is expected that, given a suitable physical object,
the choice of the POV measure is not uniquely determined. In fact there is
a large arbitrariness in the choice of the conventions which define the event
in terms of the properties and the motion of the object. Some criteria which
permit to choose POV measures with a more specific physical meaning will
be discussed in a forthcoming paper. In Section 5 we discuss briefly the anal-
ogous treatment of covariant normalized POV measures in Minkowski spaces
of general dimension d. For d = 1 we obtain a known general formula [20] for
all the normalized POV measures on the time axis which are covariant under
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the time translations. In Section 6 we suggest how to perform the extension
of the formalism to non-normalized POV measures, describing situations in
which it is not certain that the event really happens.
2 POV measures in space-time.
In order to describe the space-time coordinates of an event, we consider
a normalized POV measure τ(I) on the Minkowski space-time M. If the
normalized vector ψ in the separable Hilbert space H describes the state of
the system that defines the event, the probability that the event is found in
the Borel set I ⊂M is given by
P(I) = (ψ, τ(I)ψ). (9)
The normalization condition is
τ(M) = 1. (10)
Then we put
Xα =
∫
M
xα dτ(x). (11)
Since these operators cannot be self-adjoint, τ cannot be a projection valued
measure.
We indicate by P˜ the universal covering of the proper orthochronous
Poincare´ group P. For its elements we use the notation (x, a), where x is a
four-vector which describes a translation and a ∈ SL(2, C). Λ(a) is the 4×4
Lorentz matrix corresponding to a. If U(x, a) is the unitary representation
of P˜ that acts on the space H, we require that
U †(x, a)τ(Λ(a)I + x)U(x, a) = τ(I). (12)
This means that the POV measure τ and the representation U of P˜ form
a “system of covariance”. If τ were a projection valued measure, we should
have a “system of imprimitivity” [30]. If we consider translations, eq. (12)
takes the form
exp(−ixαP
α)τ(I + x) exp(ixαP
α) = τ(I). (13)
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The formula (2) follows from this equation and eq. (11). Of course, the co-
variance assumption is valid if no external objects intervene in the definition
of the event.
A consequence of eq. (13) and of the spectrum of four-momentum is the
following:
Proposition 1 If ψ 6= 0 and I ⊂M is a non-empty open set, we have
(ψ, τ(I)ψ) > 0. (14)
Assume that this expression vanishes and find two open sets I ′ and I ′′
with the property
I ′ + I ′′ ⊂ I. (15)
Then we have
(ψ, τ(I ′ + x)ψ) = (exp(−ixαP
α)ψ, τ(I ′) exp(−ixαP
α)ψ) = 0
for x ∈ I ′′, (16)
namely
(τ(I ′))1/2 exp(−ixαP
α)ψ = 0 for x ∈ I ′′. (17)
This expression is the limit of a vector-valued function analytic in the tube
defined by Im x ∈ −V0, where V0 is the open future cone. An application of
the edge-of-the-wedge theorem [45] shows that this analytic function vanishes
in the whole tube and it follows that
(ψ, τ(I ′ + x)ψ) = 0 (18)
for any real value of x. Then we have τ = 0 in contradiction with our
assumption that the measure τ is normalized.
It follows from Proposition 1 that, if I has a non-empty interior, τ(I)
cannot be a projection operator different from 1. We obtain in this way
another proof that τ cannot be a projection valued measure. We also see
that the localization of an event in a bounded region I of space-time cannot
be considered as a “property” of the state ψ.
It is clear that the covariance and the normalization conditions do not
determine the POV measure τ uniquely. For instance, if K is an unitary
operator that commutes with all the operators U(x, a), the POV measure
τ ′(I) = K†τ(I)K (19)
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satisfies the required conditions as well as τ .
A system which defines a quantum event has to satisfy some conditions.
We decompose the unitary representation U(x, a) into a direct integral of
irreducible unitary representations (IURs) of P˜ [48]. Of course, only positive-
energy representations appear in this decomposition. Moreover, we require
that the following assumption is satisfied:
Assumption 1 In the decomposition of U(x, a) only a continuous mass
spectrum appears, namely U(x, a) has no irreducible subrepresentation.
As a consequence of this assumption, we need to consider only positive-mass
IURs.
If the theory we are considering does not contain zero mass particles and
is asymptotically complete [23, 45], we can describe its states in terms of
asymptotic “in” or “out” states and the Hilbert space of the theory can be
written, for instance, as
Hˆ = Hout = H
(0) ⊕H(1) ⊕H
(2)
out ⊕ . . . , (20)
where H(0) contains the vacuum state, H(1) contains states with one particle
(or one stable bound state), H
(2)
out contains states with two outgoing parti-
cles, and so on. The Assumption 1 means that we have to consider states
orthogonal to the vacuum and to the one-particle states. They form a sub-
space H ⊂ Hˆ. It is physically intuitive that the vacuum or a single particle
cannot be used to define an event: at least two particles are necessary for
this purpose.
The description of H in terms of asymptotic states is physically interest-
ing, because it deals with a situation in which the spacetime position of an
event, for instance a collision, is measured by means of operations performed
in a far-away region, as it happens, for instance, in the famous conceptual
position measurement by means of a microscope, discussed by Heisenberg
[19] and reconsidered by Mead [32] in the presence of the gravitational in-
teraction. This point of view could also provide the starting point for the
introduction of space-time concepts in a pure S-matrix theory.
We stress that we are dealing with “indirect” measurements of the coordi-
nates of an event, namely the test τ(I) is not measured by means of physical
operations performed in the space-time region I. For this reason we do not
require that the operators τ(I) and τ(I ′) commute if the regions I and I ′ are
space-like separated.
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It is convenient to describe the IURs of P˜ defined by Wigner [48], cor-
responding to a mass µ > 0 and “spin” (namely angular momentum in the
centre of mass) j, by means of the formalism of induced representations [30].
The representation operators act on wave functions with (2j+1) components
defined on SL(2, C) and satisfying the covariance condition
ψm(au) =
∑
m′
Rjmm′(u
−1)ψm′(a), u ∈ SU(2), (21)
where Rj is the well known (2j+1)-dimensional IUR of SU(2). If we choose
for each four-momentum k on the mass shell
kαk
α = µ2, k0 > 0, (22)
an element ak ∈ SL(2, C) with the property
k = Λ(ak)q(µ), q(µ) = (µ, 0, 0, 0), (23)
the Wigner wave function is
ψm(k) = ψm(ak). (24)
and the norm is given by
‖ψ‖2 =
∫ ∑
m
|ψm(ak)|
2δ(kαk
α − µ2)θ(k0) d4k. (25)
Note that, as a consequence of the covariance condition (21), the integrand
function in eq. (25) does not depend on the choice of the element ak. The
representation operator is given by
[U(x, b)ψ]m(a) = exp(ikαx
α)ψm(b
−1a), k = Λ(a)q(µ). (26)
The Hilbert space H can be decomposed (in a non unique way) into
a direct integral of spaces in which IURs of P˜ operate. A vector ψ ∈ H
is described by a wave function of the kind ψσjm(µ, a), where the index σ
labels the spaces in which equivalent IURs operate. It satisfies a covariance
condition similar to eq. (21) and it vanishes if µ does not belong to a σ-
dependent mass spectrum. The norm is given by
‖ψ‖2 =
∫
V
∑
σjm
|ψσjm(µ, ak)|
2 d4k, (27)
where V is the future cone. Note that the integration over the four-vector
k implies an integration over the mass µ. The representation operator is
defined by a direct generalization of eq. (26).
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3 Construction of covariant POV measures.
In this and in the following Section, we derive a representation for an ar-
bitrary normalized covariant POV measure on the Minkowski space-time.
The general properties of covariant POV measures on various kinds of spaces
have been studied by many authors [8, 20, 21, 24, 44] and their results could
have been used in the first steps of our treatment. We prefer to give a self-
contained, simple and constructive approach to our particular problem. We
consider the dense Poincare´ invariant linear space D ⊂ H composed of the
wave functions in four-momentum space which are C∞, have compact sup-
port and do not vanish only for a finite number of choices of the indices
σ, j,m. They have the property
‖ψ‖2r =
∫
V
∑
σjm
|(1 + k0)
rψσjm(µ, ak)|
2 d4k <∞, r = 0, 1, . . . , (28)
which implies that F (P )ψ ∈ H for any choice of the polynomial function
F (P ) of the four-momentum operators. The topology of D is the usual one
[42] and eq. (28) defines a family of continuous norms.
The convolution of the numerical measure (ψ, τ(x)φ) with the function
g(x), continuous and with compact support, is a function of x given by
(
ψ,
∫
g(x− y) dτ(y)φ
)
=
=
(
exp(−ixαP
α)ψ,
∫
g(−y) dτ(y) exp(−ixαP
α)φ
)
. (29)
Its partial derivatives are given by sums of similar expressions in which the
vectors ψ and φ are replaced by vectors of the kind F (P )ψ and F ′(P )φ, where
F (P ) and F ′(P ) are polynomials. If ψ, φ ∈ D, we see that the convolution
defined above is infinitely differentiable for any choice of the continuous func-
tion g. A general theorem concerning distributions [42] permits one to draw
the following conclusion:
Proposition 2 If ψ, φ ∈ D, we can write
(ψ, τ(I)φ) =
∫
I
ρ(ψ, φ, x) d4x, (30)
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where ρ(ψ, φ, x) in an infinitely differentiable function of x. In particular
(ψ, τ(I)ψ) =
∫
I
ρ(ψ, x) d4x, (31)
where
ρ(ψ, x) = ρ(ψ, ψ, x) ≥ 0. (32)
If we introduce the set
I(x) = {y ∈M : y0 < x0, y1 < x1, y2 < x2, y3 < x3, } (33)
we have
ρ(ψ, φ, x) =
∂4
∂x0∂x1∂x2∂x3
(ψ, τ(I(x))φ) =
=
∂4
∂x0∂x1∂x2∂x3
(exp(−ixαP
α)ψ, τ(I(0)) exp(−ixαP
α)φ) . (34)
A simple calculation gives
|ρ(ψ, φ, x)| ≤ 16‖ψ‖4‖φ‖4 (35)
and we see that ρ(ψ, φ, x) for fixed values of x is a continuous function of
ψ, φ ∈ D.
The normalization and the covariance conditions take the form∫
ρ(ψ, x) d4x = ‖ψ‖2, (36)
ρ(U(y, a)ψ, U(y, a)φ,Λ(a)x+ y) = ρ(ψ, φ, x). (37)
Since ρ(ψ, φ, x) is a continuous function of x, it has a well defined value at
x = 0, which satisfies the invariance property
ρ(U(0, a)ψ, U(0, a)φ, 0) = ρ(ψ, φ, 0). (38)
If ρ(ψ, φ, 0) is given, we put
ρ(ψ, φ, x) = ρ(U(−x, 1)ψ, U(−x, 1)φ, 0) (39)
and the covariance condition (37) is satisfied.
Note that ρ(ψ, φ, 0) is a continuous positive sesquilinear form on the space
D, invariant under SL(2, C). It defines a scalar product in the quotient space
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D/D0 and on its completion H˜, which is a Hilbert space. We have indicated
by D0 the subspace of D defined by the condition ρ(ψ, 0) = 0. It is invariant
under SL(2, C). This construction also defines a linear operator h : D → H˜
and we have
ρ(ψ, φ, 0) = (hψ, hφ), (40)
where at the right hand side there is the scalar product of the Hilbert space
H˜. SL(2, C) acts on H˜ by means of the unitary representation a → U˜(a),
which has the property
U˜(a)h = hU(0, a). (41)
This means that h is an intertwining operator. It is continuous, since we
have
‖hψ‖ ≤ 4‖ψ ‖4. (42)
The unitary representation U˜ and the intertwining operator h determine
the POV measure τ by means of eqs. (30), (39) and (40). In order to describe
the representation U˜ , we shall consider its direct integral decomposition into
IURs of SL(2, C) and the corresponding decomposition of the Hilbert space
H˜ into a direct integral of irreducibles spaces labelled by the variable γ ∈ Γ
H˜ =
∫ ⊕
Γ
H˜γ dω(γ). (43)
The variable γ contains the parameters that label the equivalence classes
of IURs of SL(2, C) and an index ν that distinguishes the spaces where
equivalent IURs operate. The measure ω is positive and we always disregard
subsets of Γ with vanishing measure. In the simplest and physically most
interesting cases, the measure ω is discrete and H˜ is decomposed into a direct
sum of irreducible subspaces.
In the next Section, taking also into account the normalization condition,
we find the general form of the intertwining operator h when the representa-
tion U˜ is given.
4 Use of the IURs of SL(2, C).
In order to obtain more explicit formulas, we have to use the detailed prop-
erties of the IURs of SL(2, C). Their matrix elements DMcjmj′m′(a) are treated
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in refs. [15, 33, 40]. We adopt the conventions of ref. [43], where explicit
formulas for these quantities can be found (the parameter c is called λ in ref.
[43]). There are two series of IURs: the principal series with c imaginary and
M integral or half-integral, and the supplementary series with −1 < c < 1
and M = 0. The representations DMc and D−M−c are unitarily equivalent.
The restriction of these representations to the subgroup SU(2) is given by
DMcjmj′m′(u) = δjj′R
j
mm′(u), u ∈ SU(2) (44)
and the possible values of j are
j = |M |, |M |+ 1, . . . . (45)
For the invariant measures on SL(2, C) and SU(2) we use the normalization
∫
SL(2,C)
f(a) d6a = µ−2
∫
SU(2)
d3u
∫
f(aku) δ(kαk
α − µ2)θ(k0) d4k, (46)
∫
SU(2)
d3u = 1. (47)
The index γ ∈ Γ, which appears in the direct integral decomposition (43),
stands for the discrete indices ν,M and for the continuous parameter c. An
element Ψ ∈ H˜ can be described by the quantity Ψγln. Its norm is given by
‖Ψ‖2 =
∫
Γ
∑
ln
|Ψγln|
2 dω(γ) (48)
and the representation U˜ acts in the following way
[U˜(a)Ψ]γln =
∑
l′n′
DMclnl′n′(a)Ψγl′n′ , (49)
where the parameters M, c depend on γ.
From eqs. (39) and (40) we have
ρ(ψ, x) =
∫
Γ
∑
ln
|Ψγln(x)|
2 dω(γ), (50)
where
Ψ(x) = h exp(−ixαPα)ψ. (51)
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The normalization condition takes the form∫ ∫
Γ
∑
ln
|Ψγln(x)|
2 dω(γ) d4x = ‖ψ‖2 (52)
and we see that eq. (51) defines an isometric linear mapping hˆ : D → H˜ ⊗
L2(M), which can be extended by continuity to the whole space H. It follows
that the probability density ρ(ψ, x) is an integrable function (in general not
continuous) for all the vectors ψ ∈ H.
We also consider the isometric linear mapping h˜ that transforms the vec-
tor ψ into the Fourier transform
Ψ˜γln(k) = (2pi)
−2
∫
exp(ixαk
α)Ψγln(x) d
4x. (53)
We can easily see that
[h˜ exp(−iyαP
α)ψ]γln(k) = exp(−iyαk
α)[h˜ψ]γln(k), (54)
namely that the operator h˜ commutes with the translations. It follows that it
is decomposable [10], namely it has the following form diagonal with respect
to the variable k
Ψ˜γln(k) =
∑
σjm
Kγlnσjm(k)ψσjm(µ, ak). (55)
By inverting the Fourier transformation, we obtain
Ψγln(x) = (2pi)
−2
∫
V
exp(−ixαk
α)
∑
σjm
Kγlnσjm(k)ψσjm(µ, ak) d
4k. (56)
In particular, we have the following representation of the operator h:
[hψ]γln = Ψγln(0) = (2pi)
−2
∫
V
∑
σjm
Kγlnσjm(k)ψσjm(µ, ak) d
4k. (57)
If we put
Kγlnσjm(µ, aku) =
∑
m′
Kγlnσjm′(k)R
j
m′m(u), (58)
we can also write
Ψγln(0) = (2pi)
−2
∫ ∑
σjm
Kγlnσjm(µ, a)ψσjm(µ, a)2µ
3 dµ d6a. (59)
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From the intertwining property, using the invariance of the measure d6a,
we obtain ∑
l′n′
DMclnl′n′(b)Kγl′n′σjm(µ, a) = Kγlnσjm(µ, ba). (60)
It follows that
∑
l′n′
DMclnl′n′(a
−1)Kγl′n′σjm(µ, a) = δljδnmF
j
γσ(µ). (61)
In fact, the left hand side does not depend on a and the structure of the right
hand side follows from the invariance under the substitution a → au with
u ∈ SU(2) and from eqs. (21) and (58). Then we can write
Kγlnσjm(µ, a) = D
Mc
lnjm(a)F
j
γσ(µ), (62)
where F jγσ(µ) vanishes unless j = |M(γ)|, |M(γ)|+ 1, . . ..
From these results, we obtain
Ψγln(x) = (2pi)
−2
∫
V
exp(−ixαk
α)
∑
σjm
DMclnjm(ak)F
j
γσ(µ)ψσjm(µ, ak) d
4k (63)
and after some calculation we have
∫
ρ(ψ, x) d4x =
∫
Γ
∫
V
∑
jm
∣∣∣∣∣
∑
σ
F jγσ(µ)ψσjm(µ, ak)
∣∣∣∣∣
2
d4k dω(γ). (64)
By comparison with eq. (27) we see that the normalization condition (36), is
satisfied if ∫
Γ
F jγσ(µ)F
j
γσ′(µ) dω(γ) = δσσ′ . (65)
In conclusion, we have seen that
Proposition 3 The the most general normalized covariant POV measure τ
on the Minkowski space is given by eq. (31) in terms of the density ρ(ψ, x)
which is an integrable function for any ψ ∈ H. For ψ ∈ D this density is
given by eqs. (50) and (63) in terms of the space Γ, the measure ω, and the
function F jγσ(µ) satisfying the condition (65).
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If the measure ω is discrete and ω({γ}) = 1, we have
ρ(ψ, x) =
∑
γln
|Ψγln(x)|
2 (66)
and the condition (65) can be written in the simpler form
∑
γ
F jγσ(µ)F
j
γσ′(µ) = δσσ′ . (67)
It means that, for fixed values of j and µ, the matrix F jγσ(µ) is isometric.
It is interesting to remark that the IURs of SL(2, C) belonging to the
supplementary series may appear in the decomposition of the unitary rep-
resentation U˜ on which the construction of the POV measure is based. On
the contrary, they do not appear in the direct integral decomposition, based
on the Plancherel formula [15, 33, 40], of the unitary representation U(0, a)
which acts on the physical Hilbert space H. This could not happen if the
intertwining operator h, which is defined on D, had an isometric extension
to the whole Hilbert space H. The existence of this extension, however, does
not follow from our assumptions.
5 Lower-dimensonal space-times.
The treatment given above can be generalized, with some evident modifica-
tions, to space-times with arbitrary dimension. If we consider only the time
dimension, the homogeneous Lorentz group and its unitary representation
U˜ are trivial and the index γ simply labels a basis in the Hilbert space H˜.
We describe the states, which must have a continuous energy spectrum, by
means of wave functions of the kind ψσ(E) with the norm
‖ψ‖2 =
∫ ∑
σ
|ψσ(E)|
2 dE. (68)
Then our results take the following simple form, which is equivalent to a
result given in ref. [20]:
Proposition 4 The most general normalized POV measure on the time axis
covariant with respect to the time translations is given by the density
ρ(ψ, t) =
∑
γ
|Ψγ(t)|
2, (69)
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where
Ψγ(t) = (2pi)
−1/2
∫
exp(−itE)
∑
σ
Fγσ(E)ψσ(E) dE (70)
and the function Fγσ(E) satisfies the condition
∑
γ
Fγσ(E)Fγσ′(E) = δσσ′ . (71)
Relevant simplifications also appear in 1+ 1 dimensions, because the ho-
mogeneous Lorentz group is a one-parameter group, labelled by the rapidity
parameter ζ . Its IURs are one-dimensional and have the exponential form
exp(icζ). The wave functions have the form ψσ(µ, ζ), where
k0 = µ cosh ζ, k1 = µ sinh ζ (72)
and the norm is given by
‖ψ‖2 =
∫ ∑
σ
|ψσ(µ, ζ)|
2 µdµ dζ. (73)
Then the formulas of the preceding Section take the simpler form
ρ(ψ, x) =
∫
Γ
|Ψγ(x)|
2 dω(γ), (74)
Ψγ(x) =
= (2pi)−1
∫
exp(−ixαk
α) exp(icζ)
∑
σ
Fγσ(µ)ψσ(µ, ζ)µdµ dζ, (75)
where c depends on γ and the function Fγσ(µ) satisfies the condition
∫
Γ
Fγσ(µ)Fγσ′(µ) dω(γ) = δσσ′ . (76)
6 Non-normalized POV measures.
Sometimes it is necessary to consider the possibility that an event does not
take place [18]. This situation can be described by a non-normalized POV
measure, namely the normalization condition (10) has to be replaced by
‖τ(M)‖ ≤ 1. (77)
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The positive operator τ(M), which commutes with all the representation
operators U(x, a), represents a test and the “yes” outcome means that the
the event has taken place. If it is a projection operator, we have just to
replace the Hilbert space H by its subspace τ(M)H. We have already done
an operation of this kind when, in agreement with the Assumption 1, we
have required that the vector ψ is orthogonal to the vacuum and to the
one-particle states.
Even if τ(M) is not a projection operator, the results obtained in the
preceding Sections can easily be adapted to this more general situation. The
operators hˆ and h˜ introduced in Section 4 are bounded, but not necessarily
isometric and the condition (65) has to be replaced by
∑
σσ′
cσcσ′
∫
Γ
F jγσ(µ)F
j
γσ′(µ) dω(γ) ≤
∑
σ
|cσ|
2, (78)
for any choice of the complex numbers cσ.
Acknowledgments: I am grateful to Dr. R. Giannitrapani for many useful
discussions.
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